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II was prompted to the results of this note by 8. Dwork, an 
which seems to be well known to algebraic group theorists, was 
to me by E. Chne. 
Denote by k, the polynomial ring k[x, ,*.., x,j, w ere k is a field, and let 
n,d(k) = H,(k) = Hd be the space of homogeneous polynomials of degree d. 
Then GL(n, k) acts on k, via its usual linear action on H,(k). 
LEMMA 1. Suppose char k =p # 0. Let 1 be the ideas of k, venerated by 
{xp 1 the constant term of x is 0). 
Then In Cp-i,nis ofcodimension 1 in HWeljna 
BrooJ: Since the characteristic of k is p, I is just the k-space spanned by 
all monomials x;’ ~. + x2 with max{e, ,..., e,) >p. Since H,- ri,, contains just 
one monomial which does not satisfy this restraint, namely> XT-” 0 1’ x~-‘~ 
the lemma follows. 
Now suppose k = G and G is a finite subgroup of 
the smallest natural number d such that 66, such that 
dimensio~ai G-invariant subspace. 
LEMMA 2. d(G) < (p - 1) E, wherep is the ~rna~~e~t~r~rne number ~~~c~ 
does not divide ) G I. 
ProoJ Replacing G by a suitable conjugate in Gl2(n, C), we may assume 
that the matrix representation p of G on H, with respect to the basis 
(x 1. ,..., x,) has entries in a number field K, and even in the ring of ~-~~t~gers 
of K, where 9 is a prime of K above p. Apply Lemma I to the reduction of p 
(mod p), and use p k 1 G 1, to build a l-dimensional G-invariant subspace of 
N wbm. 
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So from this point of view, we want to find prime numbers which do not 
divide 1 GI. Since I am only concerned here with a weak result, it will suffice 
to use Bertrand’s conjecture, long since proved: 
If n > 2, then there is a prime p such that 
n<p<2n. 
THEOREM. d(G) < 4n2 for all n. 
Proof. In establishing the inequality we want, we may assume that 
G is irreducible, 
and 
H, is not an induced module from any proper subgroup of G. 
In particular, we have 
Every normal abelian subgroup of G consists of scalars (on H,). 
Now suppose p is a prime and p > 2n + 1. By a result of Feit and myself 
[ 11, G has a normal Sylow p-subgroup P. By transfer, P is a direct factor of 
G consisting of scalar matrices, so G = P X G,, where p does not divide 1 G, I. 
Since P fixes every l-dimensional subspace of H,, for every d, we have 
d(G) = d(G,). And for G, we have 
d(G,) < (P - l)n, 
by Lemma2. By Bertrand, we may choose p with 
2n+l<p<2(2n+l), 
so 
p<4n+l,p-1<44n, 
whence the theorem. 
For each n, 
G, = gp(x, ylxn =Y’ = Lx, ~1” = [x, Y, xl = [x, Y, Y] = 1) 
is nilpotent and G’ = Z(G) is cyclic of order n. So G, has a faithful 
irreucible representation of degree it, and identifying G, with its image in 
GL(n, C), we get 
d(G,) = n. 
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It is plausible to conjecture that 
d(G) < C. n for some constant @, and 
alI finite G E GL(n, CT>, ra = I, 2 ,“.. . 
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